Abstract. Let G be a soluble group of odd order generated by the conjugacy class of an element g of prime order p. Let V be a faithful G-module over any field and C V ðgÞ be the fixed-point subspace of g on V . We prove that dim C V ðgÞ < 1 2 dim V .
Introduction
Let G be a finite soluble group acting faithfully and irreducibly on a finitedimensional module V . The relation between the dimension of the fixed-point spaces and the dimension of the module has been studies in several papers. Wolf proved in [11] , that if P is a Sylow p-subgroup of G, then dim C V ðPÞ c 2 1 þ p dim V :
In [10] , Isaacs et al. considered completely reducible representations of a general finite group G and proved among other results the existence of an element g A G such that dim C V ðgÞ c 1 p dim V where p is the smallest prime dividing the order of G. Our main theorem concerns representations of groups of odd order, yet without the complete reducibility assumption. We prove Theorem 1.1. Let G be a finite soluble group of odd order generated by the conjugacy class of a cyclic group P of prime order. If V is a faithful irreducible G-module over a field then dim C V ðPÞ < The proof uses results on the Fitting height of a soluble group by Flavell in [4] and by Al-Roqi and Flavell in [1] , [2] , [3] .
Let G be a finite group, P a subgroup of prime order. Define S G ðP : 2Þ ¼ fA c G j A is soluble and A ¼ hP; P a i for some a A Ag:
Let G be a non-trivial soluble group and let
where f ðGÞ denotes the Fitting height of G. Then cðGÞ is the unique smallest normal subgroup of G such that f ðG=cðGÞÞ < f ðGÞ. We notice that the quotient group G=cðGÞ can be embedded in a direct product of groups of Fitting height less than f ðGÞ and 1 0 cðGÞ c F ðGÞ. If G ¼ 1, define cðGÞ ¼ 1.
The properties of the soluble groups generated by four conjugates of some element have been discussed in [1] and the case of soluble groups generated by three conjugates has been discussed in [2] . Using Theorem 1.1, we derive some properties of soluble groups of odd order that are generated by two conjugates of an element of prime order.
We need a generalization of [1, Theorem 3.3] , replacing the prime 3 by an odd prime. Although the proof runs parallel to the original one, for the sake of completeness, we present a complete proof. Theorem 1.2. Let G be a group of odd order and P a subgroup of prime order. Suppose that A 0 P is a subgroup of G with the following properties:
(ii) f ðAÞ is maximal subject to (i).
Then cðAÞ c cðGÞ. Corollary 1.3. Let G be a group and P a subgroup of order p where p is an odd prime. Suppose that there exists an element of S G ðP : 2Þ of odd order. If every four conjugates of P generate a soluble subgroup, then there exists an element x A G of order p such that hx; x g i is a f2; pg-group for all g A G.
Preliminaries
We will use elementary results about coprime action, referring to them as 'coprime action'. For the proof of the following two lemmas, see [4] . Lemma 2.5. Let G ¼ PQ where P is a subgroup of order p and Q is a normal qsubgroup with ½Q; P 0 1 and q 0 p where p and q are both odd. Suppose that V is a faithful G-module over a field F such that Q is homogeneous on V . Then
Proof. We proceed by induction on jGj þ dim V . We may assume that F is an algebraically closed field. Now charðF
Therefore C V ð½P; QÞ 0 0. But ½P; Q is normal in Q and Q acts homogeneously on V , so ½P; Q acts trivially on V ; this contradicts the hypothesis that G is faithful on V . Therefore, ½P; Q 0 1. Suppose that Q is not homogeneous on W ; then by Cli¤ord's theorem P acts transitively on the homogeneous components with respect to Q. Consequently,
and therefore the claim follows. Now suppose that Q acts homogeneously on W . By induction on jGj þ dim V , we deduce that dim C W ðPÞ < 1 2 dim W . Thus the claim follows. Since W is an arbitrary PQ composition factor of V , it follows that dim C V ðPÞ < 1 2 dim V , hence the result follows. Now G acts irreducibly on V . Moreover, by [1, Theorem 3.1], Q acts irreducibly on V . Suppose that T is a P-invariant subgroup of Q with T < Q and ½T; P 0 1. Recall FðQÞ is the Frattini subgroup of Q. Then FðQÞT 0 Q and FðQÞT is normal in Q. If FðQÞT does not act homogeneously on V , then P permutes the homogeneous components with respect to FðQÞT, and therefore the result follows. Thus we may assume that FðQÞT is homogeneous on V and the result follows by induction. We deduce that P acts trivially on every proper P-invariant subgroup of Q. By the Hall-Higman reduction [8, Theorem 8.5 .1], we deduce that Q is extra-special and P acts non-trivially and irreducibly on Q=FðQÞ. Set jQj ¼ q 2tþ1 , for some positive integer t. As Q acts irreducibly on V , we conclude that dim V ¼ q t . We claim that p divides q t þ 1. Since P acts non-trivially and irreducibly on Q=FðQÞ, the subgroup P permutes the non-trivial elements of Q=FðQÞ in cycles of length p. Therefore p divides q 2t À 1. As p is odd, it follows that p divides q t þ 1 or q t À 1. If p divides q t À 1, then the characteristic roots of the generator of P, regarded as a linear transformation of Q=FðQÞ, will all lie in GFðq t Þ. But the generator of P acts irreducibly on Q=FðQÞ, hence the field generated by any characteristic root of the generator of P over Z q is isomorphic to GFðq 2t Þ, a contradiction. Hence the claim follows.
Suppose that charðF Þ ¼ p. By the Hall-Higman theorem [5, Theorem 11.2.1], the Jordan canonical form for the generator of P consists of q t þ 1=p Jordan blocks. Therefore
Suppose that charðF Þ 0 p. Let w be the character of G a¤orded by V . Then by the non-modular version of the Hall-Higman theorem [6, (V.17.13)], there is a sign d A f1; À1g such that p divides q t À d. With this d, we have
where r is the regular character of P and m is a linear character of P. From the previous paragraph, p divides q t þ 1. Therefore d ¼ À1. Thus
Now the fixed-point subspace of the regular representation is 1-dimensional. Therefore
Now p and q are odd primes. As Q is extra-special, we have dim V > 2 and thus
Hence the result follows. r
Proof of the main theorem
Proof of Theorem 1.1. Assume the theorem false and let G be a counter-example with jGj þ dim V minimal. Then G acts faithfully on V . By [7, Theorem VII.1.18 (b) and Lemma VII.2.5], we may suppose that F is an algebraically closed field. Then, we have
Step 1. Every normal subgroup of G acts homogeneously on V .
Proof. Suppose false. Choose a normal subgroup C of G maximal subject to not acting homogeneously on V . Set G ¼ G=C and let W ¼ fV 1 ; V 2 ; . . . ; V n g be the set of homogeneous components of V with respect to C. Lemma 2.4 implies that G is a primitive permutation group on W. Set m ¼ jFix W ðPÞj. We have
Let L be a minimal normal subgroup of G. Since G is soluble, L is elementary abelian and acts regularly on W. We have G ¼ hP
We claim that C L ðPÞ is regular on Fix W ðPÞ. Let U; W A Fix W ðPÞ. Since L acts transitively on W, there exists x A L such that W x ¼ U. As G is a primitive permutation group, we have
We have ½x; P c hP;
Thus x A C L ðPÞ and so the claim follows. So by (1), we have jL : C L ðPÞj ¼ n=m c 4.
Case 2. Suppose that jL : C L ðPÞj ¼ 3. Now P acts on L=C L ðPÞ G C 3 . If p 0 3, then P acts trivially on L=C L ðPÞ. Therefore ½L; P c C L ðPÞ. Since L is a 3-subgroup, by coprime action we have ½L; P ¼ ½L; P; P ¼ 1, a contradiction. Hence p ¼ 3. Now
From (3) and (4), we deduce that dim L < 2, a contradiction. r
Choose a prime q with O q ðGÞ 0 1. By Step 1, the group O q ðGÞ acts homogeneously on V . Lemma 2.5 implies that ½P; O q ðGÞ ¼ 1. Hence
Step 2. C Q ðPÞ ¼ C Q ðPÞ for any extra-special normal p-subgroup Q of G with Q ¼ Q=FðQÞ.
Proof. Let 1 0 y A C Q ðPÞ. Set A ¼ hy; ZðQÞi:
As Q has exponent p, we have A G C p Â C p . Therefore
where the A 1 ; . . . ; A p are hyperplanes of A with A i 0 ZðQÞ. Suppose that P does not centralize A. Then P permutes the subspaces fC
Step 3. ½P; O p ðGÞ ¼ 1.
Proof. Suppose not. Since every normal subgroup of G contained in O p ðGÞ is homogeneous on V , by [1, Theorem 3.2] there exists a normal subgroup Q in G such that Q is an extra-special p-subgroup and G acts irreducibly and non-trivially on Q ¼ Q=FðQÞ. As C V ðQÞ ¼ 0, it follows that q 0 charðF Þ. Set G Ã ¼ G=C G ðQÞ and jQj ¼ p 2t . As dim C V ðPÞ d 1 2 dim V , it follows that there exists a PQ-composition factor W of V such that dim C W ðPÞ d 1 2 dim W . Since Q is homogeneous on V , we obtain C W ðQÞ ¼ 0. Suppose that ½W ; P ¼ 0; then ½P; Q centralizes W . But ½Q; P is normal in Q, so by Maschke's theorem, we deduce that C W ðQÞ 0 0, a contradiction. Hence ½W ; P 0 0. By [1, Theorem 3.1], we deduce that the action of Q on W is irreducible and so dim W ¼ p t . By the minimality of G we have dim C Q ðPÞ < 1 2 dim Q:
Step 3 and Lemma 2.3 lead to
This forces p ¼ 3 and t c 2, hence G Ã c GLð2; 3Þ. As G Ã has odd order we reach
The last step implies that ½P; F ðGÞ ¼ 1; but G is soluble so we have P c F ðGÞ.
The following example shows that the condition G ¼ hP G i in Theorem 1.1 is necessary.
Example. Let n d 5 and let p, q be prime numbers such that p j ðq À 1Þ. Let L ¼ P fL i j 1 c i c ng be an elementary abelian p-group of rank n, let V be a vector space over GFðqÞ of dimension n, let L act monomially on V by letting V ¼ P fW i j 1 c i c ng where W i is 1-dimensional and L i acts non-trivially on W i and trivially on W j for j 0 i. Let S n be the symmetric group on 1; 2; . . . ; n f gwhich acts on L and V by permuting their respective factors.
A direct proof shows that the semidirect product G of L by S n acts faithfully and irreducibly on V . We have F ðGÞ ¼ L and 
We claim that V is the unique minimal normal subgroup of G. Suppose that U is a minimal normal subgroup of G such that U 0 V . Set G Ã ¼ G=U. By induction, Let K be the inverse image of O q ðGÞ in G. Now V is an elementary abelian r-group, and hence q 0 r. Suppose that AV < G; so A A S AV ðP : 2Þ and f ðAÞ is maximal in AV . By induction, cðAÞ c F ðAV Þ and so Q c O q ðAV Þ. But as V c O r ðAV Þ, we have
Let H be a complement of V in G. We have
Thus O q ðHÞV c L and O q ðHÞ A Syl q ðLÞ, which implies that there exists l A L such that ðO q ðcðAÞÞÞ l ¼ O q ðHÞ. We have 
